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Abstract 
The author has proposed methods of constructing index 2 and 3 current graphs generating 
triangular embeddings of graphs Kn-Km with unboundedly large m (as n increases). As a result, 
triangular embeddings of graphs of many families of graphs K,-K,, with unboundedly large 
m were constructed. The paper gives a survey of thes  results and a short explanation of the 
methods. (~) 1998 Elsevier Science B.V. All rights reserved 
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I. Introduction 
A graph is said to be triangularly embeddable into a surface if it is isomorphic to the 
l-skeleton of a polyhedron on the surface, all of whose faces are triangular. The graph 
K,-Km, n >m >0, is obtained from the complete graph K, by specifying m vertices 
and removing the edges which are incident only to vertices among the specified ones. 
The necessity of constructing a triangular embedding (abbreviated TE or TEs for 
the plural) of graphs gn-Km arose in the course of determining the genus of complete 
graph to prove the Map Colour Theorem [10]. TEs of gn-Km were constructed in 
the course of solving some other problems as well for example, the construction of 
minimal triangulations of surfaces [2]. As a result, TEs of some graphs gn-Km, m ~ 6, 
had been constructed, 
The author has proposed methods of constructing index 2 and 3 current graphs 
generating TEs of Kn-Km with unboundedly large m (as n increases). Surprisingly, 
these methods turned out to be applicable to many cases. As a result, TEs of many 
graphs Kn-Km with unboundedly large m were constructed, hence the orientable or 
nonorientable genus of these graphs was determined. These results were presented in 
the six deposited manuscripts [3-8], which are hard to get. A survey of the results, 
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some important examples and the theoretical foundations of the methods were given 
in [9]. The complete account of these results and methods runs to about 100 pages of 
text and about 200 figures in addition. The aim of the paper is to give a survey of 
these results and brief explanations of the methods without going into details. 
The paper is organized as follows. Section 2 contains a survey of the results. An 
explanation of the methods of index 2 and 3 current graph construction is given in 
Sections 3 and 4, respectively. Some remarks and a conjecture are given in Section 5. 
The terminology from [10] is used. We assume the reader is familiar with the theory 
of index 2 and 3 current graphs and the theory of cascades [10, Chs. 8, 9]. 
2. The results 
For convenience we will write gn+m-K m instead of Kn-Km. 
I f  a graph gn+m-Km is triangularly embedded into a surface S, then by Euler's 
formula one can easily obtain 
0mod12 if S-~Sp,  
7n - n 2 + 6m - 2nm - (1) 
0mod6 if S '~Nq.  
In accordance with (1) the set of all graphs Kn+m-Km that may have an orientable 
(resp. a nonorientable) TE is partitioned into 9 (resp. 6) families, see Tables 1 and 2. 
In the tables, column I shows the graphs of a family, column 2 shows, for which n 
and m, a TE was constructed by the author using index 2 and 3 current graphs - -  the 
Table 1 
Triangular orientable embeddings 
1 2 
KI 2p+2t-K2t 
Kl2p+2+( 1+rt)-K! +6t 
Kl2p+3+m-Km 
KI 2p+4+6t-K6t 
Kl2p+6+(l+2t)-Kl+2t 
Kl2p+7+3t-K3t 
Kl2p+8+(4+6t )-K4+6t 
K l 2p+ l O+( 3 +6t )-K3 +6t 
gl2p+ 1 l +( 1 +3t)-Kl +3t 
p~>3, t= l+3h,  h=l ,2  . . . . .  p -2  {2} 
p~>2, t=2 + 3h, h=0,1  . . . . .  p -2  {2} 
t =3h [?] 
p~>2, t= 1,2 . . . . .  p - -  1 (2} 
p>_-2, m=4,7 ,8  . . . . .  4p -  2 {3} 
p=2,3 ,  m=6 {3} 
p~>2, t= 1,2 . . . . .  p - I  {2} 
p~>2, t=3h,  h=l ,2  . . . . .  p - I  {2} 
p~>3, t=3h+2,  h=l ,2  . . . . .  p -2  {2} 
p~>l, t=3,4  . . . . .  2p+l  {3} 
[.9] 
p~>2, t= l ,2  . . . . .  p -2  {2} 
p~>2, t= 1,2 . . . . .  p - -1  {2} 
[.9] 
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Table 2 
Triangular nonorientable embeddings 
151 
1 2 
K6q+m-Km 
K6q + l + 3t-K3t 
K6q+2+(l+3t)-Kl+3t 
K6q+3+m-Km 
K6q+4+ 3t-K3t 
q=2p, p>~2, m=2t, t= l ,2  ..... 2p {3} 
q=2p+l ,  p>~l ,m=2t+l , t= l ,2 , . . . ,2p -1  {3} 
q = 2p + 1, p>~ 2, m= 2t, t= 1,2 ..... 3p -  3 {2} 
q=3, m=2 {2} 
q=2p, m=2t+l  [?] 
[?] 
q=2p, p>_-2, t= 1,2 ..... 2p -  2 {2} 
q=2p+l ,  p~>2, t=2h+l ,  h=0,1 ..... p -2  {2} 
q=3, t= l  {2} 
q=2p+l , t=Zh [?] 
q=2p, p>~2, m=3,4 ..... 4p -2  {3} 
q=2p+l ,  p~>2, m=3,4 ..... 4p+6 {3} 
q=2p, p>_.Z,t=Zh, h=l ,2  ..... p -1  {2} 
q=2p+ 1, p~>l, t= l ,2  ..... 2p -1  {2} 
q=2, t=2 {2};q=3, t=3 {2} 
q=2p, t=2h+l  [?] 
K6q+5+( 1 +3t )-KI +3t [?] 
index of the current graphs is indicated in curly brackets. Column 2 also shows for 
which n and m the author failed to construct a TE, these subfamilies are labelled by 
the note of interrogation in square brackets. Note that index 2 and 3 current graphs do 
not work for n such that n ~ 0 mod 2 and n ~ 0 mod 3 simultaneously. 
Column 2 shows only those Kn+rn-Km for which a TE has not been constructed in 
the literature (to the author's knowledge). To avoid cluttering the tables we do not 
give a survey of TEs of Kn+m-Km obtained by other authors (for m~<6 only). 
3. Using index 2 current graphs 
To illustrate the method of index 2 current graph construction we will show how 
this method works to yield orientable TEs of graphs g78+(5+6t ) -Ks+6t ,   = O, 1 . . . . .  4. 
The following designations for the subsets of the set of the elements of Z78 (the 
cyclic group of integers modulo 78) are used 
~0 = {2,4,6 . . . . .  76}, Z~¢l ={1,3 ,5  .. . .  ,77}. 
Let us consider an index 2 current graph with the current group Z78, satisfying the 
following construction principles: 
(C1) The current graph has m two-valent vertices and the remainder with valence 
three. 
(C2) A value (current) from Z78 is assigned to each arc. 
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(C3) The given rotation induces exactly two circuits, [0] and [1]. 
(C4) The log of each circuit contains each element of Z78 except 0 exactly once. 
(C5) At each vertex of valence 3, Kirchhoff's current law (KCL) holds. In other 
words, the sum of the currents on the arcs directed towards the vertex, minus 
the sum of the currents on the arcs directed away from the vertex is 0 in Z78. 
(C6) Each two-valent vertex has the following two properties: 
(1) Each of the circuits passes through the vertex. 
(2) The sum of the currents on the arcs directed towards the vertex, minus the 
sum of the currents on the arcs directed away from the vertex is a generator 
of the subgroup (2) of Z78. 
(C7) If the same circuit traverses an arc twice the current on the arc belongs to ~¢0. 
If both circuits traverse an arc the current on the arc belongs to all. 
(C8) The current graph does not contain broken arcs. 
For the sake of simplicity a labelling of the two-valent vertices (vortices) by letters 
is not done in the above conditions. 
Reasoning as in [10, Ch. 9], if this current graph exists then there exists an orinetable 
TE of K78+m-Km. 
Now for each m = 5 + 6t, t = 0, 1 . . . . .  4, we construct a current graph, denoted by 
F(t), satisfying (C1)-(C8). We proceed in the following way. First we construct a
subgraph H(t) of F(t), t = 0, 1,..., 4, consisting of all arcs (with the incident vertices) 
carrying currents from ~¢0. Given H(t), we define a cycle for H(t). The construction of 
F(t) from H(t) and a cycle for H(t) (if it exists) is given in the proof of Theorem 1: 
the cycle for H(t) determines the subgraph C(t) of F(t) consisting of all arcs (with 
the incident vertices) carrying currents from ~1, then some vertices of H(t) and C(t) 
are pairwise identified and a graph is obtained, such that a rotation of the graph can 
be chosen so that F(t) is finally obtained. Thereupon we show that there exists a cycle 
for H(t), t=0,  1,...,4. 
We now proceed with the construction f H(t). The graph H(t) consists of the two 
mutually disjoint subgraphs Ho(t) and Hi(t) such that 
(El) Hi(t) is obtained from Ho(t) by reversing the orientations of all arcs of Ho(t). 
The graph Ho(t) is depicted at the top of Fig. 1. This graph has four encircled 
trivalent vertices labelled by 1,2,3, and 4. The graph Ho(t), t>0,  is obtained from 
H0(0) by splitting each of the encircled vertices with the labels ~<t into three new 
one-valent vertices as shown in Fig. 1. 
Taking into account (El), the reader can easily check that for each i = 0, 1, the 
following properties (E2) and (E3) hold. 
(E2) Hi(t), t>~O, has exactly 19 edges carrying the currents 2,4,... ,38. 
(E3) Each vertex of Hi(t), t>~O, has valence 3 or 1, and KCL holds at each trivalent 
vertex. 
Notice that in constructing F(t) the graph Hi(t) consists of all such arcs of F(t) that 
are traversed by circuit [i] twice. 
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The graphs H0(1) and H0(3) (as well as /-/1(1) and H1(3)) have one ensquared 
one-valent vertex incident to an arc with current 2. An one-valent vertex of H(t) 
which is not ensquared is referred to as a boundary vertex. 
The following property of Hi(t) is of great importance to define the rotation of F(t). 
(E4) For each i -0 ,  1, t=0,  1 . . . . .  4, the graph Hi(t) contains a set F,.(t) of pairs of 
adjacent arcs, such that the graph without he arcs of F/(t) is a forest where each 
tree has exactly one boundary vertex of Hi(t). 
In Fig. 1 the arcs of Fo(t), t = 0, 1 .. . . .  4, have one transverse stroke. 
The subgraph C(t) of F(t) will consist of either one cycle of length 39 (for t = 0, 2, 4) 
or two disjoint cycles of length 37 and 2 (for t=  1,3). In constructing F(t) the bound- 
ary vertices of H(t) are identified with vertices of the cycle of length 39 or 37, and 
ensquared vertices are identified with the vertices of the cycle of length 2. 
To construct C(t) corresponding toH(t) we need the following definitions. If an arc 
of H(t) with the current 6 is directed towards (resp. away from) a boundary vertex, 
then 6 (resp. 6 -1) means the current flowing into the boundary vertex. 
By (El) and (E2), in H(t) the pairwise distinct currents flow into the boundary 
vertices. Denote by ~(t)  the set of all currents flowing into the boundary vertices of 
H(t). If H(t) has (resp. does not have) ensquared vertices, then by a cycle for H(t) 
is meant a cyclic sequence 
b(O),a(1),b(1),a(2),b(2) .....b (s -  1),a(s),b(s), (2) 
where s = 37 (resp. 39), b(i)E all, a( j )E .~1o, such that the following holds: 
(M1) 
(M2) 
(M3) 
(M4) 
I~(t)l elements out of a(1),a(2) . . . . .  a(s) form the set ~(t)  whereas each of 
the remaining elements is a generator of the subgroup (2) of Z78. 
b(i - 1 ) + a(i) = b(i). 
b(s) =b(O). 
The elements b(O),b(1) . . . . .  b(s -  1) are pairwise distinct and form the set 
d l  \{ 1,77} (resp. the set d l  ). 
In constructing F(t) the elements b(0),b(1) . . . . .  b(s -  1) will be the currents on the 
arcs of the cycle of length s of C(t). 
We will need the following lemma. 
Lemma 1. Let G be a graph and x, y,z be distinct vertices of G. Let D be a rotation 
of G inducing exactly two circuits T and R such that R passes through x, y, and z. 
Let G' signify the graph obtained from G by adding two new edges xy and yz. Then 
there exists a rotation D' of G' inducing exactly two circuits T' and R' such that T' 
coincides with T. 
The reader will probably have no trouble convincing himself of this. Note that this 
lemma is similar to results related to characterization of upper-embeddable graphs [1]. 
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(a) (b) 
Fig. 2. 
Now we are in a position to prove 
Theorem 1. ijr there exists a cycle (2) for H(t), t=0,1  .. . . .  4, then there exists a 
current 9raph F(t) satisfyin9 (C1)-(C8). 
Proof. Given t, we construct F(t). 
Let (2) be a cycle for H(t). Construct a cycle (it will be referred to as the basic 
cycle) as shown in Fig. 2(a). Next the boundary vertex of H(t) with inward flowing 
current a is identified with the vertex of the basic cycle, which is incident to the arcs 
with the currents b( i -  1) and b(i) such that b( i -  1)+ a = b(i). Owing to (M1) and 
(M2), all these I~(t)[ identifications for all boundary vertices of H(t)  can be done in 
such a manner that the distinct boundary vertices are identified with the distinct vertices 
of the basic cycle. It is clear that KCL holds at each trivalent vertices obtained by the 
identification. On these identifications, there remain s -  19~(t)[ two-valent vertices on 
the basic ycle, such that (2) from (C6) holds for these vertices. 
Let F denote the graph obtained from H(t) and the basic ycle as a result of the 
above-described I~(t)l pairwise identifications. 
A rotation of F is defined in the following way. Taking into account (E4), remove 
all arcs of Fo(t) and Fl(t) from F. The obtained graph W consists of the basic ycle 
with some trees attached. A rotation of W can be defined in such a way (see Fig. 2(b)) 
that there are exactly two circuits [0] and [1]; for each i = 0, 1 the arcs of Hi(t) in W 
are all arcs where the circuit [i] meets itself; and the following holds: 
(E5) Each arc of the basic cycle is oriented in the direction of [0] and opposite in 
direction to [1]. 
Then, using Lemma 1 and attaching successively the arc pairs of F0(t) and Fl(t) to W, 
we obtain a rotation of F such that there are exactly two circuits [0] and [1]; for each 
i=0,  1, the arcs of Hi(t) are all arcs where the circuit [i] meets itself, and (E5) holds. 
Next, if H(t)  has ensquared vertices then we do as shown in Fig. 3. Thus (C3) and 
(C7) hold. 
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Fig. 3.
Fig. 4.
We claim that a desired r(t) is obtained. By (E2) and construction, (C4) holds. By
construction, all two-valent vertices lie on the basic cycle and, as is easily seen, the
number of these vertices is m = 5 + 6t, so (Cl ) holds. One can easily verify that, by
construction, the remaining construction principles are fulfilled. 0
The constructed cycle (2) for H(t), t = 0, 1,. . . , 4, will be given below in the fol-
lowing graphical form, There are 39 vertices on a deformed cycle, which are lab lled
clockwise by the elements 1,3,. . . ,77 of ~21. For each i = 1,2,. . . , s, there is an oriented
chord labelled u(i) and going from the vertex b(i - 1) to the vertex b(i) (see Fig. 4)
where b(i - 1) + u(i) = b(i). As a result, the cycle (2) is represented as an oriented
closed path consisting of oriented chords. If H(t) has (resp. does not have) ensquared
vertices the path passes all the vertices except 1 and 77 (resp. passes all the vertices).
Now we show that there exists a cycle for H(t), t = 0, 1, . . . ,4. Define a linear order
on the set {2,4,...,38}c&‘s by 2<4<.. . ~38, so that, for example, 10 ~26. By
(El ) and construction, L&Y(~) consists of the same pairs
f38, f36, ztc( l), &c(2), . . . , *c(h)
of inverse elements, where 38 > 36 > c( 1) > c(2) > + * . > c(h) > 6, and may in addition,
contain the pair f2,and the pair f4 for H(t) without ensquared vertices. If h is even
(resp. odd) and H(t) does not have ensquared vertices, then the cycle for H(t) is
shown in Fig. 5(a) (resp. Fig. 5(b)). If h is even (resp. odd) and H(t) has ensquared
vertices then the cycle for H(t) is obtained from the construction in Fig. 5(a) (resp.
Fig. 5(b)) by the modification shown in Fig. 5(c) (resp. Fig. 5(d)). To avoid cluttering
of the diagrams the labels of only vertices 1 and 77 are indicated, and labels f2, f4
of some chords are not indicated - the reader can easily restore these labels. Note
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that, for example, if c(2)=c(3) + 2 in Fig. 5 then the origin of the chord labelled 
-c(3) coincides with the end of the chord labelled c(2), that is the sequence of chords 
labelled 2 between the chords labelled c(2) and -c(3) (as in the other analogous cases) 
may be empty. 
To be sure that each construction given in Fig. 5 is proper, one might check that 
(a) I~(t)l labels on the chords of the oriented closed path form the set ~(t); the other 
labels are +2, +4, each generating the subgroup /2) of Z78. 
(b) If the chord with label -38 depicted outside the deformed cycle goes from a vertex 
~, to a vertex ~p, then ~p = ~k - 38 (to see this, check that the sum of the labels on 
the chords forming the oriented path from ~p to ~k is 38). 
Hence, orientable TEs of K78+(5+rt)-Ks+rt, t--0, 1 . . . . .  4, are constructed. 
The graph H(0) given above is the special case of a general construction f r Z24k+6, 
k/> 1, where the generalization for arbitrary k is obtained by extension of the ladder- 
like portions of the H(0). Such general construction of H0(0) has the ladder with 2k -  1 
rungs with currents 6, 12, 18,..., 12k -  6 and has 2k -  2 encircled vertices. A cycle 
for such H(t), t = 0, 1 . . . . .  2k - 2 in Z24k+ 6 for an arbitrary k >/I is obtained from the 
cycle in Fig. 5 by replacing chord labels 38 and 36 by 12k + 2 and 12k, respectively 
(such a construction of the cycle working for all H(t), t>>,O, for all k will be referred 
to as a generic solution for cycles for H(t), t>>,O). As a result, TEs of all graphs 
g24k+6+(5+6t)-K5+6t, k ~> 1, t = 0, 1 . . . . .  2k - 2, are obtained. 
An analogous approach was used in some other cases too where proving the exis- 
tence of TEs of all graphs of an infinite family of graphs Kn+m-Km, n - 0 mod 2, with 
unboundedly arge m was reduced to constructing two combinatorial constructions: a 
graph H(0) with encircled vertices, inducing H(t), t ~> 1 (for which (E4) holds), and 
a generic solution for cycles for H(t), t~>0. A survey of results obtained in this way 
is given in Section 2. 
In some cases, to obtain Hi(0) we reversed the orientations of all arcs of H0(0) and 
then made a slight modification ot acting on the encircled vertices with the incident 
arcs. In these cases ~¢(t) does not consist of pairs of inverse elements, but for each 
t>~0 the set ~(t  + 1) is obtained from ~(t)  by adding pairs of inverse elements of 
d0, and this makes possible to construct a generic solution for cycles for H(t), t >10. 
This solution may be highly complicated. A theory of the generic solutions was given 
in detail in [9]. 
4. Using index 3 current graphs 
To illustrate the method of index 3 current graph construction we ill show how this 
method works to yield nonorientable TEs of graphs g42+(l+2t)-Kl+2t , t = O, 1 ..... 5. 
We consider an index 3 current graph with the current group Z42, satisfying the 
following construction principles: 
(C1) Each vertex is trivalent. 
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(C2) A current from Z42 is assigned to each arc. 
(C3) The given rotation induces xactly three circuits, [0], [1], and [2]. 
(C4) The log of each circuit contains each element of Z42 except 0 exactly once. 
(C5) With the exception of the m vertices called vortices, KCL holds at each vertex. 
(C6) Each vortex has the following two properties: 
(1) Each of the three circuits passes through t e vertex. 
(2) The sum of the currents on the arcs directed towards the vertex, minus the 
sum of the currents on the arcs directed away from the vertex is a generator 
of the subgroup (3) of Z42. 
(C7) For each arc if a circuit [i] passes the arc and records (to the log) a current c, 
then on the arc the circuit meets a circuit [j] such that c - j -  imod3. 
(C8) Some arcs are broken. 
Reasoning as in [10, Ch. 9], if this current graph exists then there exists a TE 
of K42+m-Km. When some additional conditions are satisfied the embedding is non- 
orientable. 
Now, for each m = 1 + 2t, t -- 0, 1 . . . . .  5, we construct a current graph, denoted by 
F(t), satisfying (C1)-(C8) and generating a nonorientable mbedding (the proof of 
the nonorientability is omitted here). 
F(0) is shown in Fig. 6. The arc ends marked by the same letter A, B, C, or D are 
to be identified. The reader should examine this current graph closely and check that 
the construction principles are satisfied (particularly (C7)). This current graph has one 
vortex designated as an ensquared vertex and has exactly 12 vertices which are visited 
by all three circuits. These vertices are the all vertices of a ladder-like portion of the 
current graph (ladder for short), they are potential vortices and labelled by letters vi 
and dj as shown in the figure. 
It may be recalled that a circuit induced by a rotation of a current graph with 
broken arcs has two modes of behaviour, normal (solid line) and alternate (dashed 
line). In normal behaviour, the circuit obeys the rotation given at each vertex and 
records currents according to the orientation of the arcs. In alternate behaviour the 
circuit acts as if the given vertex rotations and arc orientations are reversed. When the 
circuit passes a broken arc its behaviour switches modes at the midpoint of the arc. 
This alteration of behaviour must be considered in verifying the constructive principles. 
Now we want to show that we can obtain F(t), t = 1,2 . . . . .  5 by a permutation of 
currents on arcs of the ladder of F(O). 
Denote by (y,r/) (resp. ((y,r/))) the permutation of currents y and r/ on the rungs 
(resp. on the horizontal arcs) of the ladder. 
Here the following should be noted. The circuits pass arcs of the ladder with normal 
behaviour. Each rung of the ladder is oriented in the direction of circuit [2] and opposite 
in direction to [0], thus a permutation (y, r/) of the currents on the rungs does not violate 
(C4) and (C7). Each horizontal arc of the ladder is oriented in the direction of [0] or 
[2], and opposite in direction to [1], thus for each k = 0,2 a permutation ((y, r/)) of the 
currents on the horizontal arcs where circuit [k] meets [1] does not violate (C4) and 
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(C7). Beating this in mind, it is easy to make sure that the permutations stated below 
do not violate (C1)-(C8) except he numer m of vortices. 
We have the following. The permutation ((13, 16)) yields F(1) with 3 vortices d2, d3, 
and d4. The permutation (4, 7) yields F(2) with 5 vortices v4, vs,dl,da, ds. The permu- 
tations ((17, 14)) and ((13, 16)) together yield F(3) with 7 vortices vl . . . . .  v4, d2, d3, d4. 
The permutations (13,10) and (7,4) together yield F(4) with 9 vortices v2 .. . . .  vs, 
dl . . . . .  ds. The set of all arcs where [0] meets [2] consists of all rungs of the ladder 
and of all broken arcs of F(0). It is easily verified that if we add 3 (in Z42) to all 
currents on the arcs of this set then (C1)-(C8) remain valid (with m= 11), and we 
obtain F(5) with 11 vortices vt . . . . .  /)6, d2 . . . . .  d6. 
Thus, the current graph F(0) by means of permutations of currents on arcs yields 
current graphs generating nonorientable TEs of g42+(l+2t)-Kl+2t, t = 0, 1 .... ,5. This 
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current graph is the special case of the general construction for Z24k+|8 , k ~> 0. This gen- 
eral construction has a (4k+2)-rung ladder all of whose vertices are visited by all three 
circuits, and, by means of permutations of currents on the ladder arcs, yields current 
graphs generating nonorientable TEs of g24k+18+(l+2t)-Kl+2t, k~0, t =0 . . . . .  4k + 1. 
An analogous approach was used in some other cases too where proving the exis- 
tence of TEs of all graphs of an infinite family of graphs Kn+m-Km, n =-0mod3, with 
unboundedly large m was reduced to constructing an index 3 current graph having an 
unboundedly large (as n increases) ladder all of whose vertices are visited by all three 
circuits, and next to permuting currents on arcs of the ladder. 
A survey of results obtained in this way is given in Section 2. 
5. Remarks 
Given n, there is an upper bound for m such that gn+m-Krn may have a TE. If 
gn+m-Km has a TE into a surface then there is such 2-cell embedding of Kn into the 
surface that exactly m faces of the embedding are n-gonal, and the other t faces are 
triangular. Since each edge of Kn is incident to exactly two faces we get 
2 (~)  =nm+3t>~nm, 
hence 
n - 1 >~m. (3) 
It may be conjectured that (1) and (3) together are necessary and sufficient condition 
for Kn+m-Km (with a small number of exceptions for small n and m) to be triangularly 
embedded. 
As is seen from Tables 1 and 2, the author using index 2 (resp. 3) current graphs for 
Section 3 (resp. Section 4) had constructed TEs of some Kn+m-Km, n -  0 mod 2 (resp. 
n -0mod3)  for m<~n/2 (resp. m<<,n/3 + 3). By (3), there is an interval of such m 
that requires other constructions of current graphs to generate TEs of graphs Kn+,n-K,n. 
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